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Abstract
The linear transports along paths in vector bundles introduced in Ref.
[1] are applied to the special case of tensor bundles over a given differ-
entiable manifold. Links with the transports along paths generated by
derivations of tensor algebras are investigated. A possible generalization
of the theory of geodesics is proposed when the parallel transport gener-
ated by a linear connection is replaced with an arbitrary linear transport
along paths in the tangent bundle.
INTRODUCTION
This work is devoted to some simple applications of the considered in [1]
linear transports along paths in vector bundles. It is organized as follows. Sect.
2 contains a collection of the main definitions and results of [1] which will be used
here. In Sect. 3 the general theory of linear transports along paths is specialized
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in the case of tensor bundles over a given differentiable manifold. In particular,
the connections with the transports along paths generated by derivations of
tensor algebras are investigated. The problem for holonomicity of special bases
in which the matrix of a linear transport along paths in a tensor bundle is unit
is considered in Sect. 4. In Sect. 5 the concept of linearly transported along
paths sections of a vector bundle is introduced. Some properties of these section,
as well as their connections with derivations along paths, are investigated. In
Sect. 6 the firs steps of one possible generalization of the theory of geodesics
paths (curves) is proposed. Here we consider paths in a manifold the tangent
vector to which after a linear transport along themselves remains such. Sect. 7
contains remarks concerning special bases for parallel transports generated by
linear connections.
Part of the results of this work were found in [2] in the special case of the
tangent bundle to a given differentiable manifold.
2. SUMMARY OF SOME RESULTS
In this section we summarize certain needed for this paper definitions and
results of [1].
A linear transport (L-transport)Lγs→talong the path γ : J → B, J being a
real interval, from s to t, s, t ∈ J in the vector bundle (E, π,B) with a base B,
total bundle space E and projection π : E → B, has the properties:
Lγs→t : π
−1(γ(s))→ π−1(γ(t)), (2.1)
Lγs→t(λu+ µv) = λS
γ
s→tu+ µS
γ
s→tv, λ, µ ∈ R, u, v ∈ π
−1(γ(s)) (2.2)
Lγt→r ◦ L
γ
s→t = L
γ
s→r, r, s, t ∈ J, (2.3)
Lγs→s = idπ−1(γ(s)) , (2.4)
where idX means the identity map of the set X. Its general form is
Lγs→t =
(
F γt
)−1
◦
(
F γs
)
, s, t ∈ J. (2.5)
where F γs : π
−1(γ(s)) → V, V being a dim(π−1(x))-dimensional, x ∈ B, vector
space, are linear isomorphisms.
If {ei, i = 1, . . . , dim(π
−1(x)), x ∈ B} is a field of bases (or simply a basis)
along γ, i.e. {ei(s)} is a basis in π
−1(γ(s)) for s ∈ J , then the matrix H :
(t, s; γ) 7→ H(t, s; γ) := Hi.j(t, s; γ), s, t ∈ J of the transport is defined by
Lγs→tei(s) = H
j
.i(t, s; γ)ej(t), s, t ∈ J, (2.6)
where here and from here on in our text the Latin indices run from 1 to
dim(π−1(x)), x ∈ B and the usual summation rule from 1 to dim(π−1(x)) over
repeated on different levels indices is assumed.
The matrix function H satisfies the equations
H(r, t; γ)H(t, s; γ) = H(r, s; γ), r, s, t ∈ J, (2.7)
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H(s, s; γ) = I := diag(1, . . . , 1) =: δij, s ∈ J (2.8)
and its general form is
H(t, s; γ) = (F (t; γ))−1F (s; γ), s, t ∈ J, (2.9)
where F (s; γ) is a nondegenerate matrix function.
Let L be a smooth, of class C1, linear transport along paths and σ ∈
Sec1(ξ|γ(J)), where ξ |γ(J)is the restriction of the vector bundle ξ = (E, π,B)
on the set γ(J) and by Seck(ξ)(resp. Sec(ξ)) is denoted the set of Ck(resp.
all) section over ξ. The generated by L derivation along γ : J → B is a map
Dγ :Sec1(ξ |γ(J))→Sec(ξ |γ(J)) defined by (s, s+ ǫ ∈ J)
(
Dγσ
)
(γ(s)) := Dγsσ := lim
ε→0
[1
ε
(
Lγs+ǫ→sσ(γ(s+ ǫ))− σ(γ(s))
)]
(2.10)
and has the properties:
Dγ(λσ + µτ) = λDγσ + µDγ τ, λ, µ ∈ R, σ, τ ∈ Sec1(ξ |γ(J)), (2.11)
Dγs (f · σ) =
df(s)
ds
· σ(γ(s)) + f(s) · (Dγsσ), (2.12)
Dγt ◦ L
γ
s→t ≡ 0, s, t ∈ J (2.13)
for any C1function f : J → R.
The coefficients Γi.j(s; γ) of L along γ in {ei} coincide with those of D
γand
are given, e.g., by
Dγs ej = Γ
i
.j(s; γ)ei(s). (2.14)
The explicit connection of Γi.j(s; γ) with the matrix H of L is
Γγ(s) = [Γ
i
.j(s; γ)] =
∂H(s, t; γ)
∂t
∣∣∣
t=s
= F−1(s; γ)
dF (s; γ)
ds
. (2.15)
If σ = σiei ∈Sec
1(ξ |γ(J)), then explicitly (2.10) reads
(
Dγσ
)
(γ(s)) =
[dσi(γ(s))
ds
+ Γi.j(s; γ)σ
j(γ(s))
]
ei(s). (2.16)
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3. LINEAR TRANSPORTS ALONG PATHS IN
TENSOR BUNDLES
Now we shall consider linear transports along paths in the special case of
tensor bundles over a given differentiable manifold. In particular we shall in-
vestigate the ties of these transports with the ones generated by derivations of
tensor algebras (the S-transports).
Let M be a differentiable manifold, T p.q |x (M), p, q ∈ N∪ {0} be the tensor
space of type q over M at x ∈ M , and (T p.q(M), π,M), T
p
.q(M) := ∪x∈MT
p
.q|x
be the tensor bundle of type q over M with a projection π : T p.q(M)→M such
that π−1(x) := T p.q |x (M), x ∈M(cf.[3]).
Till the end of this section we shall deal with L-transports pqL
γalong paths
γ : J →M acting, respectively, in the tensor bundles (T p.q(M), π,M) of arbitrary
type q , i.e. we will investigate maps
p
qL : γ 7→
p
q L
γ : (s, t) 7→pq L
γ
s→t : T
p
.q|γ(s)(M)→ T
p
.q|γ(t)(M) (3.1)
satisfying (2.2)− (2.4).
Practically is far more convenient instead of the transports pqL
γ , p, q ≥ 0
along γ to be used the equivalent to them map Lγ , the (L−)transport along γ
in the tensor algebra over M , defined by Lγ : (s, t) 7→ Lγs→t, s, t ∈ J , where
Lγs→t :
∞⋃
p,q=0
T p.q|γ(s)(M)→
∞⋃
p,q=0
T p.q|γ(t)(M), s, t ∈ J (3.2)
with
Lγs→tT0 :=
p
q L
γ
s→tT0 for T0 ∈ T
p
.q|γ(s)(M). (3.3)
Before formulating certain results concerning the so defined L-transports Lγalong
γ we will present the concrete form of some formulae from the preceding section
in the case of the maps (3.2).
According to the equality (2.6) the matrix elements H ...... (t, s; γ) of L
γare
uniquely defined by the expansion
Lγs→t
(
E
j1...jq
i1...ip
|γ(s)
)
= H
k1...kp;j1...jq
l1...lq ;i1...ip
(t, s; γ)E
l1...lq
k1...kp
|γ(t), (3.4)
and are components of a two-point tensor from T p.q γ(t)(M)⊗⊗T
q
.p γ(s)(M). Here
E
l1...lq
k1...kp
:= El1 ⊗ · · ·Elq ⊗Ek1 ⊗ · · · ⊗Ekp ,⊗ being the tensor product sign, is a
basis (field of bases) in T p.q(M) generated by the bases {E
i} and its dual {Ej}
in, respectively, T 1.0(M) and T
0
.1(M).
If T = T
j1...jq
i1...ip
E
i1...ip
j1...jq
|γ(s) ∈ T
p
.q|γ(s)(M), then, due to (2.6) and the linearity
of Lγs→t, we have
Lγs→tT = H
k1...kp;j1...jq
l1...lq ;i1...ip
(t, s; γ)T
i1...ip
j1...jq
(
E
l1...lq
k1...kp
|γ(t)
)
. (3.5)
Because of (2.7) and (2.8) the following equalities are valid:
H
k1...kp;j1...jq
l1...lq ;i1...ip
(r, t; γ) ·H
i1...ip;n1...nq
j1...jq ;m1...mp
(t, s; γ) =
4
= H
k1...kp;n1...nq
l1...lq ;m1...mp
(r, s; γ), r, s, t ∈ J, (3.6)
H
k1...kp;j1...jq
l1...lq ;i1...ip
(s, s; γ) =
( p∏
a=1
δkaia
)( q∏
b=1
δjblb
)
, (3.7)
which, in our case, are equivalent to (2.3) and (2.4) respectively.
From (3.6) and (3.7) it can easily be obtained the general form of the matrix
elements H ...... (. . .). Its explicit form is described by the component form of (2.9)
in which the indexes must be replaced with the corresponding multi-indexes
(e.g. i 7→ (i1, . . . , ip) etc.).
Definition 3.1. The L-transport L in the tensor algebra over M will be
called consistent (resp. along γ) with the operation tensor multiplication if
Lγs→t(A⊗B) = (L
γ
s→tA)⊗ (L
γ
s→tB), s, t ∈ J (3.8)
holds for arbitrary tensors A and B at the point γ(s) and any (resp. the given)
path γ.
It is easily seen (3.8) to be equivalent to
p1
q1
Lγs→t =
(p1
q1
Lγs→t
)
⊗
(p2
q2
Lγs→t
)
, s, t ∈ J (3.9)
for arbitrary nonnegative integers p1, p2, q1 and q2.
With this we end the necessary for the following preliminary material.
Proposition 3.1. The equality (3.8) is fulfilled iff the defined by (3.4)
matrix elements of Lγhave the representation
H
k1...kp;j1...jq
l1...lq ;i1...ip
(t, s; γ) =
( p∏
a=1
Hka..ia(t, s; γ)
)( q∏
b=1
H ..
jb
lb
(t, s; γ)
)
(3.10)
where H i..j(t, s; γ) and H
.j
i. (t, s; γ) define, according to (3.4), the transports along
γ of the vectors and covectors respectively.
Proof. (3.10) follows from (3.4), (p+ q− 1) times application of (3.8) to the
tensor product A1⊗· · ·⊗Ap⊗B1⊗· · ·⊗Bq for arbitrary A1, . . . , Ap ∈ Tγ(s)(M)
and B1, . . . , Bq ∈ T
∗
γ(s)(M) and the arbitrariness of these vectors and covectors.
On the opposite, if (3.10) is valid, then an elementary check with the help of
(3.4) shows that (3.8) is true.
Corollary 3.1. If the L-transport Lγalong γ in the tensor algebra over M
is consistent with the tensor product, then it is uniquely defined if its action is
given on vectors and covectors.
Proof. This result is a direct consequence from proposition 3.1 and equality
(3.5).
Corollary 3.2. If the L-transport Lγalong γ in the tensor algebra over M
is consistent with the tensor product, then
Lγs→t(λ) = λ, s, t ∈ J, λ ∈ R. (3.11)
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Proof. Putting A = B = 1 ∈ R in (3.8), we find Lγs→t(1) = 1 which, due
to (2.2), is equivalent to (3.11). (The same result follows also from (3.5) and
(3.10) for p = q = 0 ∈ R.)
Let us note that in the general case, due to (2.2), instead of (3.11), we have
Lγs→t(λ) = h(t, s; γ) · λ, s, t ∈ J, λ ∈ R, (3.12)
where (see (2.2)) the 2-point scalar h(t, s; γ) is defined by
h(t, s; γ) := Lγs→t(1), s, t ∈ J. (3.13)
According to (3.6) and (3..7) it has the properties
h(r, t; γ)h(t, s; γ) = h(r, s; γ), r, s, t ∈ J, (3.14)
h(s, s; γ) = 1, s ∈ J (3.15)
and because of (2.9) its general form is
h(t, s; γ) = f(s; γ)/f(t; γ), s, t ∈ J, (3.16)
where f is nonvanishing scalar function of s and γ.
Evidently, the transport 00L
γ is consistent with the tensor product iff it is
fulfilled (3.11), which is equivalent to h(t, s; γ) = 1, s, t ∈ J , or all the same
f(s; γ) = fo(γ), i.e. when f(s; γ) does not depend on s ∈J.
An essential role play the L-transports along paths in the tensor algebra over
M which commute with the contraction operator C, i.e. transports Lγalong γ
for which
Lγs→t ◦ C − C ◦ L
γ
s→t = 0, s, t ∈ J, (3.17)
or, written in another way,
(p−1
q−1
Lγs→t
)
◦ C − C ◦
(p
q
Lγs→t
)
= 0, p, q ≥ 1, s, t ∈ J. (3.17′)
Proposition 3.2.A given L-transport along γ in the tensor algebra over M
satisfies simultaneously (3.8) and (3.17) if and only if its matrix elements are
given by (3.10) in which H i..j(t, s; γ) and H
.j
i. (t, s; γ), defining the L-transports
along γ of the vectors and covectors respectively, are elements of mutually in-
verse matrices, i.e. they are connected by the relationship
Hk..i (t, s; γ)H
.j
k.
(t, s; γ) = δi..j . (3.18)
Proof. If (3.10) and (3.18) are true, then with the help of (3.5), by a direct
calculation we confirm ourselves that (3.8) and (3.17) are identically satisfied.
On the opposite, if (3.8) and (3.17) are true, then by proposition 3.1 is valid
(3.10), and applying (3.17) to the tensor (Ej |γ(s))⊗ (Ei |γ(s)) and using (3.10)
for p = q = 1, we get (3.18).
Corollary 3.3. An L-transport along paths in the tensor algebra over
M which is consistent with the tensor multiplication and commutes with the
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contraction operator is uniquely defined by fixing its action on vectors or, equiv-
alently, on covectors.
Proof. This result follows from (3.5) and propositions 3.1 and 3.2, i.e. from
(3.5), (3.10) and (3.18).
Proposition 3.3. If a given L-transport Lγalong γ : J → M in the tensor
algebra overM satisfies (3.8) and (3.17) and ∇ is the covariant derivative define
by an affine connection with coefficients Γi.jk(x) at x ∈M , then
Dγs = DV |γ(s), s ∈ J, (3.19)
where Dγs is generated by L
γ through (2.10), V is defined on a neighborhood
of γ(J) vector field with the property Vγ(s) = γ˙(s), s ∈ J and DV |γ(s)is the
derivative along γ at γ(s) defined by
DV |γ(s) = ∇V |γ(s) +HV |γ(s), (3.20)
where
HV |γ(s) := [∇V |γ(s)(H
i.
.j(t, s; γ)Ei |γ(t) ⊗E
j |γ(s))] |t=s . (3.21)
Remark. The restriction ∇V |γ(s) means that ∇V acts only on the defined at
the point γ(s) objects, and consequently (see [3] and (3.7))
(
HV |γ(s)
)i.
.j
= V kγ(s)
(∂Hi..j(t, s; γ)
∂γk(s)
− Γljk(γ(s))H
i.
.l (t, s; γ)
)∣∣∣
t=s
=
=
∂Hi..j(t, s; γ)
∂s
∣∣∣
t=s
− Γi.jk(γ(s))γ˙
k(s). (3.21′)
Proof. If T is a C1 tensor field of type (p, q) defined on a neighborhood of
γ(J), then due to (2.15) and (2.16), we have
(DγsT )
i1...ip
j1...jq
=
d
ds
T
i1...ip
j1...jq
(γ(s))+
+
( ∂
∂s
H
i1...ip;k1...kq
j1...jq ;l1...lp
(t, s; γ)
)∣∣∣
t=s
T
l1...lp
k1...kq
(γ(s)). (3.22)
Substituting here (3.10) (see proposition 3.1), with the help of (3.18) (see
proposition 3.2), (3.21′) and the equality (see e.g. [3])
d
ds
T
i1...ip
j1...jq
(γ(s)) = [(∇V T )|γ(s)]
i1...ip
j1...jq
−
p∑
a=1
Γia..kl(γ(s))T
i1...ia−1kia+1...ip
j1...jq
(γ(s))γ˙l(s)+
+
q∑
b=1
Γk.jb(γ(s))T
i1...ip
j1...jb−1kib+1...jq
(γ(s))γ˙l(s),
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after an easy transformations, we get DγsT = (∇V +HV ) |γ(s) (T (γ(s))). From
here, due to the arbitrariness of T follows (3.19).
It is clear that taken by itself a consistent with the tensor product and
commuting with the contractions L-transport along paths in the tensor algebra
over M does not define globally some derivation, but on a given path γ it
uniquely defines the derivation (3.20), the action of which, due to (3.19), does
not depend on the used in its definition additional covariant derivative ∇. This
fact allows us if it is given an L-transport along paths with the above properties
and the manifoldM is covered with a C1 congruence of paths {γλ : γλ : Jλ →M ,
λγλ(Jλ) ) = M,λ ∈ Λ ⊂ R
dim(M)−1} to construct a global S-derivation DV of
the tensor algebra over M in the following way. If x ∈ M , then there exist
unique µ(x) ∈ Λ and so
µ(x) ∈ Jµ(x)such that x = γµ(x)(s
o
µ(x)). We define the
vector field V by the equality Vx := γ˙µ(x)(s
o
µ(x)), x ∈M and put
DV |x:= ∇V |x +H
o
V |x, (3.20
′)
where
HoV |x:=
[
∇V |γµ(x)
(
H i..j(t, s
o
µ(x); γµ(x))Ei|γµ(x)⊗
⊗Ej |γµ(x)
)]
|t=so
µ(x)
. (3.21′′)
The so constructed derivation depends, of course, on the initial L-transport
along paths as well as on the used in its definition family of paths {γλ}.
Proposition 3.4.A given L-transport along γ in the tensor algebra over M
satisfies (3.8) and (3.17) iff the generated by it map Dγ , whose action is given
by (2.10) or (2.16), is a derivation of the tensor algebra over γ(J), i.e. when Dγs
is linear and
Dγs (A⊗B) = (D
γ
sA)⊗B +A⊗ (D
γ
sB), (3.23)
Dγs ◦ C − C ◦ D
γ
s = 0, (3.24)
for arbitrary C1tensor fields A and B over γ(J) and contraction operator C.
Proof. The linearity of Dγs is a consequence from (2.11) or from the defini-
tions of a derivation of the tensor algebra [3] and does not at all depend on the
validity of (3.8) and (3.17).
If (3.8) and (3.17) are true, then with the help of (2.10) we see that from
them follow (3.23) and (3.24) respectively. The same result is a consequence
from the fact that in this case the considered L-transport in the tensor algebra
over M is an S-transport (see [4], definitions 2.1) for which, by proposition 3.5
from [4], the operator Dγ is a derivation over γ(J).
On the other hand, let Dγbe a derivation of the mentioned tensor alge-
bra. Then, by [4], proposition 3.5, there exists a unique S-transport generating
Dγthrough (2.10). Therefore due to (2.14), the coefficients of this S-transport
and of the considered L-transport coincide, which by [1], proposition 4.7 means
these two transports along paths to coincide. But by definition (see [1], defini-
tion 2.1) any S-transport satisfies (3.8) and (3.17), consequently the investigated
L-transport also satisfies them.
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Proposition 3.5. Every S-transport is an L-transport along (smooth)
paths in the tensor algebra over M.
Proof. This proposition follows from the comparison of definitions of S-
transports (cf.[4], definition 2.1), L-transports (cf.[1], definition 2.1) along paths,
and L-transports along paths in the tensor algebra over a manifold (see (3.2)
and (3.3)).
In the general case the ”inverse proposition” to proposition 3.5 is not true.
Because of this we shall consider the question when one L-transport along paths
in the tensor algebra over M is an S-transport along paths.
From the proof of proposition 3.4 one immediately derives the following two
corollaries.
Corollary 3.4. If the generated by (2.10) from a given L-transport along
paths in the tensor algebra over M operator Dγ is a derivation of the tensor
algebra over γ(J), then this L-transport along γ coincides with the S-transport
along γ which is generated from the defined by (3.20) derivation along γ.
Corollary 3.5.A given L-transport along γ in the tensor algebra over M is
an S-transport along γ if and only if it satisfies the conditions (3.8) and (3.17)
or, equivalently, iff the generated by it operator Dγ is a derivation of the tensor
algebra over γ(J).
Corollary 3.6.A given L-transport along paths in the tensor algebra over
M is (globally) an S-transport along paths iff the generated by it through (2.10)
operator Dγ is in fact a derivation of the tensor algebra along any path γ.
Proof. This statement is a direct consequence from corollary 3.5 and (2.10).
4. SPECIAL BASES FOR LINEAR TRANSPORTS
ALONG PATHS IN TENSOR BUNDLES
For linear transports along paths in tensor bundles, of course, is valid propo-
sition 3.1 of [1], according to which along any path there is a class of bases in
which the transport’s matrix is unit. But in the tensor bundles (T p.q(M), π,M)
with p+ q ≥ 1 there exists a privilege set of bases, the one holonomic bases as-
sociated with different local coordinates. In this connection arises the question,
which is a subject of the present section, when the described in the mentioned
proposition bases are holonomic.
The next result shows that the L-transports along paths in the tangent and
cotangent bundles over a manifold are Euclidean not only in a sense that they
are such along any fixed path γ(see [1], definition 3.1 and proposition 3.2), but
also in a sense that along every part of γ without selfintersections they are
generated, through the described in [1], definition 2.4 way, from local holonomic
bases, i.e. from local coordinates.
Proposition 4.1. If p+ q = 1, then in (T p.q(M), π,M) for any L-transport
Lγalong a path γ : J → M without selfintersections there exists local coordi-
nates in a neighborhood of (a part of)γ(J) such that the matrix of Lγ is unit in
the (field of) holonomic bases generated by them in (T p.q(M), π,M), p + q = 1
when they are restricted on the same neighborhood of γ(J).
Proof. By proposition 3.1 of [1] in the tangent (resp. cotangent) bundle
of M there exists a set of described in it (field of) bases, defined only on γ(J),
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in which the matrix of Lγ is unit. By lemma 7 of [5] in a neighborhood of any
part of γ(J) lying in some coordinate neighborhood for any such basis there
exist local coordinates for which the restriction on γ(J) of the generated by
them holonomic bases in the tangent (resp. cotangent) bundle coincide with
the previous (field of) bases.
Consequently, in (T p.q(M), π,M), p + q = 1 any special for L
γbases can be
extended in a holonomic way on a neighborhood of (a part of)γ(J).
If the path γ has selfintersections, then, generally, along γ there does not
exist local coordinates with the described in [5], lemma 7 properties. The cause
for this is that at the points of selfintersections, as a rule, the bases, in which
the matrix of an L-transport is unit, are not uniquely defined or are not con-
tinuous. Therefore along any ”piece” without selfintersection of an arbitrary
path there exist local coordinates with the described properties and which are
explicitly constructed in the proof of lemma 7 of [5]. But these coordinates
admit continuation not far then the points of selfintersections, if any.
From the proof of proposition 4.1 also follows that in (T p.q(M), π,M), p+q = 1
any special for Lγbasis can be extended in a holonomic way outside (a part
of)γ(J) if γ is without selfintersections. Evidently, nevertheless of the properties
of γ such an extension can be done also (and globally, i.e. on the whole set γ(J))
in an anholonomic way.
For the tensor bundles (T p.q(M), π,M) with p + q ≥ 2 proposition 4.1 is
generally not true. The only general exception of this are the S-transports,
i.e. the L-transports along paths in the tensor algebra over M consistent with
the tensor product and commuting with the contractions. In fact, the matrix
elements of these transports are given by (3.10) and (3.18)(cf . proposition
3.2). Therefore these matrices are unit matrices of the corresponding size in
any special for the transport bases in the tangent (or cotangent) bundle over
M. But the last bases can be chosen as holonomic ones (in a neighborhood (of a
part) of any path; cf. proposition 4.1). Hence in the holonomic bases generated
in this way in any tensor space over M the matrices of the S-transport are unit
(of the corresponding size).
5. SECTIONS LINEARLY TRANSPORTED ALONG PATHS
Let a linear transport along paths L in the vector bundle (E, π,B) be given.
Definition 5.1. The section σ ∈Sec(E, π,B) is linearly transported (L-
transported), or undergoes an L-transport, along the path γ : J → B if for
t ∈ J and some s ∈ J , we have
σ(γ(t)) = Lγs→tσ(γ(s)). (5.1)
We say that σ is L-transported if (5.1) holds for every γ.
Proposition 5.1. If (5.1) holds for some s ∈ J , then it is true for every
s ∈J.
Proof. The result is a trivial corollary of (2.3).
Proposition 5.2. The values of an L-transported (resp. along γ) section
σ are uniquely defined by fixing its value σ(x0) at an arbitrary given point
x0 ∈ B(resp. x0 ∈ γ(J)).
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Proof. The result follows from (5.1) for such s for which γ(s) = x0.
Proposition 5.3. The C1section σ is L-transported along the path γ iff it
satisfies the equation
Dγσ = 0, (5.2)
where Dγ is defined from L through (2.10).
Proof. If σ is L-transported along γ, then (5.2) follows from (5.1) and
(2.13).
On the opposite, let (5.2) holds. Fixing a basis {ei(s)} in π
−1(γ(s)), s ∈ J ,
we have σ = σieiand defining σ¯(s) := (σ
1(γ(s)), . . . , σdim(π
−1(γ(s)))
(γ(s))), we
see that, due to (2.16), the eq.(5.2) is equivalent to
dσ¯(s)
ds
+ Γγ(s)σ¯(s) = 0. (5.3)
Substituting here Γγ(s) = F
−1(s; γ)dF (s; γ)/ds(see (2.15)) and (2.9)), we get
d[F (s; γ)σ¯(s)]/ds = 0, i.e. F (s; γ)σ¯(s) =const= F (s0; γ)σ¯(s0) for a fixed s0 ∈ J
and, consequently σ¯(s) = F−1(s; γ)F (s0; γ)σ¯(s0) = H(s, s0; γ)σ¯(s0) which, due
to (2.2) and (2.6), is equivalent to (5.1). So, σ is L-transported along γ section.
Proposition 5.4. The maps (2.1) define an L-transport along γ if and only
if for every σ0 ∈ π
−1(γ(s)) the section σ ∈Sec(π−1(γ(J), π |γ(J), γ(J)) defined
by
σ(γ(t)) = Lγs→tσ0 (5.4)
is a solution of the initial-value problem
Dγσ = 0, σ(γ(s)) = σ0, (5.5)
where Dγ is some derivation along γ, i.e. for it (2.11) and (2.12) hold.
Proof. If (2.1) defines an L-transport along γ, then by proposition 5.3,
we have Dγσ = 0,Dγbeing the defined from (2.10) derivation along γ, and
σ(γ(s)) = σ0because of (2.4). On the contrary, let (5.5) holds. By proposition
4.7 of [1] there exists a unique L-transport ′Lγalong γ generating Dγthrough
(2.10) and having the same coefficients as Dγ . Therefore, due to proposition
5.3 and definition 5.1, the unique solution of (5.5) is σ(γ(t)) =′ Lγs→tσ0. So
(see(5.4)), we find ′Lγs→tσ0 = L
γ
s→tσ0for every σ0, i.e. L
γ
s→t =
′ Lγs→tand hence
the looked for L-transport along γ coincides with ′Lγ .
Let us note the evident corollary from the last proof that the coefficients of
the L-transport along paths, entering in (5.4), and of Dγ , appearing in (5.5),
coincides and that these two operators generate each other in the way considered
in [1].
The last proposition gives us a ground to give
Definition 5.2. The equality Dγσ = 0 will be called an equation of the
linear transport (the L-transport equation) along γ.
In any basis the matrix form of the equation of L-transports along γ has the
form (5.3) in which Γγ(s) := [Γ
i
.j(s; γ)] is the matrix of the coefficients of some
L-transport or a derivation along γ.
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According to proposition 5.3 (or 5.4) any L-transported (resp. along γ)
section satisfies the equation of L-transports (resp. along γ).
The special bases for an L-transport along γ are characterized by (see
(2.9), (2.15) and [1])
H(t, s; γ) = I or Γγ(s) = 0. (5.6)
So, in them (2.16) reduces to
Dγsσ =
dσi(γ(s))
ds
ei(s) (5.7)
and the equation of the L-transport takes the trivial form dσi(γ(s))/ds = 0.
Hence σ is L-transported along γ iff in these bases σi =const, a fact which
follows also directly from (5.6), (2.6) and (2.2) : σi(γ(t)) = Hi.j(t, s; γ)σ
j(γ(s)) =
σi(γ(s)) =const. Consequently in any special for an L-transport basis along γ
the components of an L-transported sections are constant along the path of
transportation. In this sense the L-transported sections of a vector bundles are
analogous to the parallelly transported (or (covariantly) constant) vector fields
in an Euclidean space with respect to Cartesian coordinates.
Proposition 5.5. If the L-transport Lγalong γ in tensor algebra over M
satisfies (3.8), then the function f : γ(J)→ R is L-transported along γ iff it is
a constant on γ(J).
Proof. If f is L-transported along γ(see definition 5.1), then f(γ(t)) =
Lγs→tf(γ(s)) = f(γ(s))L
γ
s→t(1) = f(γ(s)) for any s, t ∈ J , i.e. f(γ(s)) =const=
f(γ(s0)) for fixed s0 ∈ J and every s ∈J. On the opposite, if f(γ(s)) = c =const∈
R, then f(γ(t)) = c = Lγs→t(c) = L
γ
s→t(f(γ(s))), i.e. f is L-transported along
γ.
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6. PATHS WITH LINEARLY TRANSPORTED
TANGENT VECTOR (L-PATHS)
Let a linear transport along paths L in the tangent bundle (T (M), π,M)
over a differentiable manifold M be given. Below we sketch a scheme for an in-
troduction of a class of paths in M which, with respect to L, behave in the same
way as the geodesics does with respect to the defining them parallel transport
or a linear connection [3].
Definition 6.1. A C1path γ : J → M is a path with a linearly trans-
ported tangent vector, or simply an L-path, if its tangent vector field γ˙ ∈
Sec(T (γ(J)), π |γ(J), γ(J)) ⊂⊂ (T (M), π.M) is L-transported along γ.
By definition 5.1 the path γ is an L-path iff
γ˙(t) = Lγs→tγ˙(s), s, t ∈ J, (6.1)
which, due to proposition 5.3, equivalently means that satisfies the L-transport
equation along γ, i.e.
Dγ γ˙ = 0, (6.1′)
where Dγ is given by (2.10).
If Lγs→tis a smooth transport, i.e. if it has aC
1dependence on t, then through
any point x ∈M in any direction X ∈ Tx(M) there is one and only one L-path.
More precisely, it is true the following theorem which is an evident generalization
of the corresponding theorem concerning geodesic paths in manifolds with affine
connection (cf. e.g. [3]).
Theorem 6.1. If x ∈M,X ∈ Tx(M), J is an R-interval and s0 ∈ J is fixed,
then there exist a unique L-path γ : J →M , such that
γ(s0) = x, γ˙(s0) = X. (6.2)
Proof. From (6.1) for s = s0 and (6.2), we see that the statement of the
theorem is equivalent to the existence of a unique path γ having the properties
γ˙(t) = Lγs0→tX, (6.3a)
γ(s0) = x. (6.3b)
Due to (2.2) and (2.6) in local coordinates (6.3a) reduces to a first order system
of ordinary differential equations with respect to the local coordinates of γ(t)
which, due to the initial condition (6.3b), in accordance with the conditions of
the theorem and the theorems for existence and uniqueness of such systems [6]
has a unique solution γ : J →M.
Let us write the initial-value problem (6.3) in an equivalent but more conve-
nient from practical view-point form, which is near to that in a case of geodesic
paths [3].
Let Dγbe the generated from the given L-transport L along γ derivation (see
(2.10)). Due to proposition 5.4 the initial-value problem (6.3) is equivalent to
Dγ(γ˙) = 0, (6.4a)
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γ˙(s0) = X, γ(s0) = x, (6.4b)
i.e. satisfies the L-transport equation along γ under the initial conditions (6.2).
If in some local basis the transport L is given by its coefficients Γi.j(s; γ)(see
(2.15)), then in it, according to (5.3), the equation (6.4a) takes a form analogous
to that of the canonical geodesic equation [3]:
dγ˙i(s)
ds
+ Γi.j(s; γ)γ˙
j(s) = 0, s ∈ J. (6.5)
As a consequence of theorem 6.1 the equation (6.4a) or the system (6.5) can
be called equation or a system of equations of the L-paths.
Evidently (cf.[3]), the L-paths generalize the concept of geodesic paths
(curves) to which they reduce when the transport L is a parallel transport
corresponding to a covariant differentiation (linear connection)∇ or, equiva-
lently, when Dγ is a covariant differentiation along γ, i.eDγ = ∇·for a covariant
differentiation ∇.
Proposition 6.1. Along any L-path there exist (a class of) local holonomic
bases in which it is defined as a linear function of its parameter.
Proof. Let us consider any special for L basis along γ. In it (5.6) holds,
i.e(6.5) reduces to
dγ˙i(s)
ds
= 0. (6.6)
By lemma 7 from [5] locally, i.e. in a neighborhood of any part of γ(J) lying in
only one coordinate neighborhood in which γ is without selfintersections, this
basis can be extended in a holonomic way outside γ(J). So, there are local
coordinates {xi} in which γ˙i(s) = dγi(s)/ds and also (6.6) are true. Therefore,
we have
d2γi(s)
ds2
= 0, (6.7)
the general solution of which is
γi(s) = X i(s− s0) + x
i (6.8)
for some constants s0 ∈ J,X
iand xi.
Comparing (6.8) (see the last proof) and (6.4b) we see xiand X ito be, re-
spectively, the coordinates of the point γ(s0) and the components of the vector
(s0) at it in the considered special holonomic basis.
7. CONCLUSION
Here we have considered only a few examples of usage of linear transports
along paths in vector bundles. Some of them, in particular the theory of L-
paths, as well as the applications of the L-transport along paths to physical
problems will be investigated in details elsewhere.
At the end we want to make a comment on the special bases for a linear
transport along paths in the tangent bundles over a manifold when it is a parallel
transport associated to a linear connection with local coefficients Γi.jk.
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In this case the transport’s coefficients along γ are (see [1], Sect. 5)
Γi.j(s; γ) = Γ
i
.jk(γ(s))γ˙
k(s). (7.1)
If {Ei′} is a special along γ for the transport basis (see [1], Sect. 3), then
Γi
′
..j′(s; γ) = 0, i.e.
Γi
′
..j′k′(γ(s))γ˙
k′(s) = 0. (7.2)
As {Ei′} itself depends, generally, on γ, from here one can not conclude
that Γi
′
..j′k′(γ(s)) = 0. But in [5], corollary 11 we proved the existence of a
class of local bases, defined in a neighborhood of γ(J), in any one of which the
connection’s components vanish on γ(J). Evidently (see (7.1)), these bases are
special for the corresponding to the connection parallel transport. Comparing
the arbitrariness in the definitions of the bases belonging to the considered two
sets of special bases, for the connection (see corollary 11 and proposition 2 from
[5]) and for assigned to it parallel transport (see proposition 3.1 from [1]), we
conclude these two sets to be identical (on γ(J)).
Hence, for a linear connection on the set γ(J), defined by a path γ : J →
M , in any basis in which the connection’s coefficients vanish also vanish the
coefficients of the corresponding to it parallel transport and vice versa.
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II. Some Applications
The linear transports along paths in vector bundles introduced in Ref. [1]
are applied to the special case of tensor bundles over a given differentiable mani-
fold. The ties with the transports along paths generated by derivations of tensor
algebras are investigated. A possible generalization of the theory of geodesics
is proposed when the parallel transport generated by a linear connection is re-
placed with an arbitrary linear transport along paths in the tangent bundle.
The investigation has been performed at the Laboratory of Theoretical
Physics, JINR.
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